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We investigate multicomponent fermions in a flat band and predict experimental signatures of non-
Fermi liquid behavior. We use dynamical mean-field theory to obtain the density, double occupancy
and entropy in a Lieb lattice for N = 2 and N = 4 components. We derive a mean-field scaling
relation between the results for different values of N , and study its breakdown due to beyond-mean
field effects. The predicted signatures occur at temperatures above the Ne´el temperature and persist
in presence of a harmonic trapping potential, thus they are observable with current ultracold gas
experiments.
As interaction effects are enhanced in a flat Bloch
band, remarkable ordered phases such as flat band fer-
romagnetism [1] and superconductivity [2–5] have been
predicted. Quasi-flat bands, whose bandwidth is compa-
rable or smaller than the typical energy scale of interac-
tions, seem to explain why the critical temperature of the
superconducting state recently observed in magic-angle
twisted bilayer graphene is large compared to the Fermi
energy [6–9]. Also the normal states above the critical
temperature of ordered phases are expected to be non-
trivial: since a non-interacting flat band system does not
have a Fermi surface and is an insulator at any filling, a
Landau-Fermi liquid is generally not expected [10, 11].
The strange metal phase of copper-based superconduc-
tors (cuprates) is the most well known example of a non-
Fermi liquid phase, and is still not fully understood [12–
14]. The repulsive Fermi-Hubbard model on a square
lattice is considered a minimal model for the cuprates
and according to recent numerical studies the crossover
from a metallic (Fermi liquid) state at weak coupling to
an antiferromagnetic insulator at strong coupling occurs
through an intermediate non-Fermi liquid [15]. Strange
metal behaviour has been observed experimentally both
on the square lattice Hubbard model realized with opti-
cal lattices [16] and in twisted bilayer graphene [17]. For
the Hubbard model on lattice geometries other than the
simple square lattice, the existence of a non-Fermi liquid
normal state is currently much less investigated. In the
case of the Lieb lattice – a typical flat band model, dy-
namical mean-field theory studies have established that
non-Fermi liquid behavior is present in an extended re-
gion of the phase diagram [18, 19].
Experimental evidence of non-Fermi liquid behavior on
composite lattice geometries such as the Lieb lattice is at
present lacking. Here, we identify and calculate those
experimental signatures of a non-Fermi liquid that can
be most directly probed in ultracold gas experiments on
composite lattice geometries. Since spin-related order
or correlations, for instance magnetic order and pair-
ing, are typically induced by a flat band, it is of in-
terest to ask what happens if one goes beyond the case
of spin-1/2 fermions [20]. Recently a degenerate gas of
bosonic isotopes of Ytterbium has been loaded in a Lieb
lattice [21], and the same can be done with fermionic
ones [22]. This would provide the quantum simulation
of the Fermi-Hubbard model with N > 2 spin compo-
nents [20], in a paradigm flat band system. We investi-
gate the non-Fermi liquid normal state of the repulsive
Hubbard model on a Lieb lattice for both N = 2 and
N = 4 cases, and find a scaling relation between them.
We predict that the non-Fermi liquid properties manifest
in the sublattice-resolved double occupancy and entropy
– all quantities that can be observed in ultracold gas ex-
periments [23–26]. In particular, the sublattice-resolved
double occupancy for Ytterbium atoms can be mea-
sured by combining the sublattice-mapping technique,
already demonstrated for the Lieb lattice [21, 27], with
photoassociation-induced atom loss [28].
As the temperatures considered here are above the
magnetically ordered phase, standard ultracold gas se-
tups can be used to verify our predictions and to ex-
perimentally demonstrate the non-Fermi liquid nature
of a flat band system for the first time. Flat band
lattices have been demonstrated with ultracold gas se-
tups [21, 29], and the Lieb lattice has been recently re-
alized also in atomic scale artificial matter [30–32] and
photonic systems [33–37]. Our calculations in the N = 2
case are relevant for non-Fermi liquid physics in a vari-
ety of systems, while ultracold Ytterbium and Strontium
gases in the electronic ground state 1S0 [38–42] provide
both the N = 2 and N = 4 cases and allow testing of
the predicted scaling relation.
Model and methods – We consider in this work a Fermi-
Hubbard model defined on the two-dimensional Lieb lat-
tice model, which features a flat band at zero energy [5].
The Lieb lattice model with nearest-neighbour hoppings
and its density of states are shown in Fig. 1. The
fermionic annihilation (creation) operator relative to sub-
lattice α and unit cell i = (i1, i2)
T is cˆiασ (cˆ
†
iασ), while
the occupation number operator is nˆiασ = cˆ
†
iασ cˆiασ. The
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2FIG. 1. 2D Lieb lattice: The convention for the unit cell
(grey square box) and the labelling of the three sublattices
(α = A,B,C) are shown. The links represent hoppings with
magnitude t. A localized state of the flat band is the linear
superposition of the four sites of the B and C sublattices
inside the dashed square box. The density of states ρ(ε) of
the noninteracting model is shown on the right.
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FIG. 2. a) Entropy per lattice site s as a function of total
filling n =
∑
α nα for N = 2 component fermions at T = 0.17
and for three different values of the interaction strength. In
the inset the entropy as a function of interaction strength is
shown for filling n = 3 (half filling) and n = 2 (fully filled
lowest band). b) Same as panel a, but at the different tem-
perature T = 0.92. c) Sublattice resolved double occupancy
dα vs. filling n at U = 0.5 and for the same two values of
temperature of panels a and b. In the insets the double oc-
cupancy (both sublattice-resolved and averaged) vs. temper-
ature at fixed fillings n = 2, 3 is shown. d) Same as panel c,
but for the different value of the interaction strength U = 3.
component (or “spin”) index σ labelling the fermionic
operators takes values σ = 1, . . . ,N , and we consider
the case of four-component fermions (spin-3/2, N = 4)
on top of the usual two (spin-1/2, N = 2). With this
notation, the noninteracting Hamiltonian reads
Hˆ0 =
∑
i,j,α,β,σ
Kα,β(i− j)cˆ†iασ cˆjβσ − µ
∑
i,α,σ
nˆiασ . (1)
Here Kα,β(i − j) encodes the hopping matrix elements
of magnitude t between the nearest-neighbor sites in the
Lieb lattice (see Fig. 1 and Ref. [43]). The hopping ma-
trix is independent of the spin index σ, thus Hˆ0 possesses
an internal SU(N ) spin symmetry. In the following we
use t as the energy scale and set t = ~ = kB = 1.
The full many-body Hamiltonian Hˆ = Hˆ0 +Hˆint is the
sum of the noninteracting Hamiltonian and an interac-
tion term Hˆint, which is the generalization of the usual
Hubbard interaction term for N ≥ 2 and preserves the
SU(N ) symmetry as well
dˆiα =
∑
σ<σ′
nˆiασnˆiασ′ , (2)
Hˆint = U
∑
i,α
∑
σ<σ′
(
nˆiασ − 1
2
)(
nˆiασ′ − 1
2
)
= U
∑
i,α
dˆiα − U(N − 1)
2
Nˆ + const.
(3)
The operator dˆiα is the double occupancy operator for
N -component fermions and Nˆ = ∑i,α,σ nˆiασ is the total
particle number operator. We consider only the case of
repulsive interactions (U > 0).
In the following we focus on the expectation values of
diα = 〈dˆiα〉 and niα =
∑
σ〈nˆiασ〉 as the main observables.
We compute them using dynamical mean-field theory
(DMFT) [44] with the continuous time quantum Monte-
carlo as impurity solver. The local density nασ is ex-
tracted from the local Green’s function (nασ = Gασ(τ →
0−)) computed with DMFT and the double occupancy at
a given site is evaluated from the Monte-Carlo perturba-
tion order of the impurity solver [43, 45]. Since discrete
translational invariance is assumed to be unbroken, the
expectation values niα and diα do not depend on the unit
cell index i, which is dropped for simplicity. The filling
of the lattice is defined as n =
∑
α nα, thus n = 3N/2
corresponds to half-filling for N -component fermions. If
the SU(N ) spin symmetry is also unbroken, that is no
magnetic ordering occurs, the expectation values are also
independent of the spin index, that is 〈nˆiασ〉 = 〈nˆiασ′〉 =
niα/N for all σ, σ′ and 〈nˆiασ1 nˆiασ2〉 = 〈nˆiασ3 nˆiασ4〉 =
diα/
(N
2
)
for all σ1 6= σ2, σ3 6= σ4. At the temperatures
considered here magnetic ordering does not occur accord-
ing to our results and the above conditions are always
satisfied. Another observable of interest is the entropy
per lattice site, s, which has been measured in many
optical lattice experiments [26, 46]. The entropy is ob-
tained from the occupation number using the relation
s(µ,U, T ) = 13
∫ µ
−∞ ∂Tn(µ,U, T )dµ [43].
Entropy and double occupancy – If f(T, n, U) denotes the
free energy per lattice site, one has s = −∂T f while the
derivative with respect to the coupling constant U gives
the double occupancy averaged over the unit cell d =
31
3
∑
α dα = ∂Uf . Thus one has the Maxwell’s relation
∂s
∂U
= − ∂d
∂T
. (4)
Note that there is no sensible way to separate the entropy
into contributions associated to single sublattices, while
this makes sense for the double occupancy.
It is known in the case of the square and cubic lattices
that, for U sufficiently small, the double occupancy is a
decreasing function of T when temperature is increased
from T = 0 [23, 47]. This somewhat counterintuitive
behavior is due to the fact that in a localized state the
spin degrees of freedom store more entropy compared to a
Landau-Fermi liquid, thus the system reduces the double
occupancy and becomes more localized upon heating.
The Maxwell’s relation (4) provides an alternative ex-
planation. The entropy in a Landau-Fermi liquid is lin-
early proportional both to the temperature and to the
quasiparticle effective mass, s ∝ meffT , and since the
effective mass generally increases with the coupling con-
stant ∂Umeff > 0 for repulsive interactions [48], one has
from Eq. (4) that ∂T d < 0. This argument holds only up
to the temperature/energy scale at which the quasipar-
ticles in the Landau-Fermi liquid are well defined, called
the quasiparticle coherence scale T ∗F [47]. Above this
scale the double occupancy increases with temperature
due to thermally-generated doubly occupied sites. The
initial decrease of double occupancy at low temperature
occurs rather generally in Landau-Fermi liquids. One
important example is liquid helium-3 where this effect is
the root of Pomeranchuk cooling [47, 49]. Pomeranchuk
cooling has been demonstrated for N = 6 component
fermions loaded in a cubic lattice [50].
N = 2 components – As shown in Fig. 2a the behavior
of the entropy as a function of the coupling constant U
changes qualitatively depending on the filling. The triple
peak structure of the entropy in Fig. 2a is a consequence
of the density of states of the Lieb lattice, Fig. 1. The
interesting observation is that, for fillings close to n = 2
one has ∂Us > 0, on the other hand for n = 3 the entropy
decreases with U . The opposite behavior of the entropy
at the two fillings n = 2 and n = 3 is emphasised in
the inset Fig. 2a. For higher temperatures (Fig. 2b) the
entropy is always a decreasing function of U at any filling.
The behavior of the double occupancy is consistent
with that of the entropy as dictated by the Maxwell’s re-
lation (4). As shown in the insets of Fig. 2c-d the average
double occupancy is a monotonically increasing function
of temperature for a half filled flat band (n = 3), while
it is decreasing at filling n = 2. Moreover, the behavior
of the sublattice-resolved double occupancy dα depends
qualitatively on the sublattice. We see from Figs. 2c-
d that on sublattice A the double occupancy decreases
with temperature (∂T dA < 0), while on sublattices B/C
the behavior is opposite (∂T dB/C > 0). This striking
difference is observed in the whole temperature range
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FIG. 3. Average double occupancy d(T, n, U) rescaled by
its value at the lowest temperature considered in this work
d(T = 0.17, n, U) as a function of temperature for different
values of U and for filling n = 3 (top panel) and n = 2
(bottom panel). The data for U = 0.5 and 3 are the same as
the ones shown in the insets in Fig. 2c-d.
0.15 < T < 1 considered in Fig. 2 and is particularly
evident at half filling n = 3. This temperature range
is above the magnetic phase, which occurs at around
T = 0.05 for U = 2 according to our DMFT simula-
tions, and just below the quasiparticle coherence scale
T ∗F at which the double occupancy on the A sublattice
takes its minimum value.
The interpretation of the results shown in Fig. 2 is
that the flat band is responsible for the non-Fermi liquid
behavior (∂Us = −∂T d < 0). Indeed, the sublattice-
resolved double occupancy provides the most compelling
argument in this sense. The non-Fermi liquid behav-
ior manifests only in the double occupancy of sublattices
B/C, where the flat band states have their support (see
Fig. 1), while the double occupancy in the A sublattice
has the same behavior as, for instance, in a cubic lat-
tice in the same temperature range [47]. The flat band-
induced non-Fermi liquid behavior can be observed for
not too large interaction strength and modestly low tem-
peratures. As shown in Fig. 2b the entropy decreases
with U for all fillings at high temperatures, but this is
a different effect, incoherent in nature, in which the flat
band plays no role, and is observed also in simple square
and cubic lattices.
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FIG. 4. Sublattice-resolved and average double occupancy at
half filling and U = 2 rescaled by their value at the lowest tem-
perature (Tmin = 0.17), namely dα(T, n, U)/dα(Tmin, n, U)
and d(T, n, U)/d(Tmin, n, U), respectively.
Fig. 3 illustrates how the flat band-induced non-Fermi
liquid behavior is eventually destroyed for large interac-
tion strength. In Fig. 3 the average double occupancy,
which does not resolve the different sublattices, is shown
rescaled by its value at the lowest temperature consid-
ered here, that is d(T, n, U)/d(T = 0.17, n, U), to ease
the visual comparison. From the top panel of Fig. 3, one
can see that the average double occupancy at n = 3 is
a monotonically increasing function of temperature for
U = 0.5 and 1.5, while a local minimum starts to de-
velop at U = 2, and becomes well visible for U = 2.5
and 3. This crossover from non-Fermi liquid to Fermi
liquid behavior occurs because interactions tend to av-
erage out the contributions from all of the bands. On
the other hand, the standard Landau-Fermi liquid behav-
ior always dominates in the averaged double occupancy
away from half filling, as shown on the bottom panel of
Fig. 3. Indeed, at filling n = 2 the averaged double occu-
pancy is always a decreasing function of temperature up
to T ∗F ≈ 0.9, at which it attains its minimum as in the
case of the cubic lattice [23].
N = 4 components – In Fig. 4 we compare the cases of
N = 2 and N = 4 component fermions. For N = 2
components and U = 2 the behaviour of the averaged
double occupancy is in the crossover region in between a
Landau-Fermi liquid and a non-Fermi liquid, as discussed
above in relation to Fig. 3. On the contrary, as shown
in Fig. 4, for N = 4 components the averaged double oc-
cupancy as a function of temperature at the same value
of U looks more like that of a Landau-Fermi liquid with
the characteristic minimum at T ≈ 0.9. We note also
that the variation of the double occupancy with temper-
ature is reduced for N = 4 compared to N = 2, and
that the double occupancy in the B/C sublattices does
not increase monotonically as it does for N = 2. Appar-
ently, the flat band-induced non-Fermi liquid behavior
disappears as the number of components is increased.
Here we propose a scaling argument to understand the
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FIG. 5. Comparison of DMFT results between pairs of
values (U,N ) satisfying the scaling relation (5). On the left
(right) column the black lines are results for the sublattice-
resolved occupation number nα and double occupancy dα for
U = 1.5 (U = 3) and N = 2, while the grey lines are results
for U ′ = 0.5 (U ′ = 1) and N ′ = 4. The occupation number
and the double occupancy are normalized in such a way that
the curves for different number of components would coincide
if the mean-field approximation was exact.
results of Fig. 4. At the mean field level it is possible to
show [43] that the solution of the problem for a given pair
of parameters (U,N ) provides also the solution for all
pair of values (U ′,N ′) which satisfy the scaling relation
U(N − 1) = U ′(N ′ − 1) . (5)
Inserting U ′ = 2, N ′ = 4 and N = 2 in Eq. (5), gives
U = 6. In other words the result for N ′ = 4 components
in Fig. 4 can be equivalently understood as the double
occupancy of a model with N = 2 and U = 6. At this
large value of the coupling strength, one expects the non-
Fermi liquid behavior induced by the flat band to be
suppressed, and this is indeed the case as one can see
from the data for N = 4 in Fig. 4.
In order to check the validity of the mean field approx-
imation underlying the scaling relation (5), we compare
DMFT results for pairs of parameters (U,N ) which sat-
isfy the scaling relation, see Fig. 5. One can observe that
there is better agreement between the results for N = 2
and N ′ = 4 for the lower values of the coupling constants
(left column) with respect to the higher ones (right col-
umn). Indeed, one expects the mean field approximation
to be accurate in the weakly interacting regime. More-
over a larger deviation is seen in the case of the double
occupancy compared to the occupation number. This is
also expected since the double occupancy is a quantity
which is more sensitive to beyond mean-field correlations,
indeed at the mean-field level it is simply the product of
the occupation numbers (〈nˆiασnˆiασ′〉 = 〈nˆiασ〉〈nˆiασ′〉 for
5σ 6= σ′). From Fig. 5 one can conclude that the scaling
relation holds qualitatively in the range of couplings of
interest here (0 ≤ U . 3 for N = 2).
Trap effects – Combined with the lattice potential, a har-
monic trap is often used in ultracold gas experiments to
confine the atoms. In Ref. [43] we perform a DMFT study
that takes into account such trapping effects via the lo-
cal density approximation. Importantly, our prediction
that the double occupancy in the Lieb lattice behaves in
a qualitative different way depending on the sublattice
(Fig. 2c-d) remains valid in presence of a harmonic trap.
Conclusions – We identified signatures of non-Fermi liq-
uid behavior in the entropy and double occupancy for
a Lieb lattice system of N = 2 and N = 4 component
fermions. We showed that the nonmonotonic behavior of
the double occupancy, the fingerprint of a Landau-Fermi
liquid, is not present at all for sufficiently small inter-
actions. This is a consequence of the presence of a flat
band in the band structure of the Lieb lattice. Indeed the
non-Fermi liquid behavior in the double occupancy can
be observed only in the sublattices on which the flat band
states have their support, the B/C sublattices, while on
the A sublattice the conventional behavior is observed.
Using mean field arguments, we derived a scaling rela-
tion (5) to describe the results for different numbers of
components N . The adequacy of the mean field approx-
imation was investigated by means of DMFT and the
scaling relation was found to be qualitatively correct in
the range of couplings used in the present work. It will be
interesting to probe the validity of this scaling relation in
experiments as a direct indicator of beyond-mean field ef-
fects. Our predictions can be tested in currently available
experimental ultracold gas setups, even in the presence
of a harmonic trap: temperatures above the critical one
are sufficient and only sublattice-resolved, not spatially
resolved, imaging of the double occupancy is required.
Our results open the route for experimental investiga-
tions and understanding of non-Fermi liquid normal state
properties caused by flat band singularities.
This work was supported by the Academy of Finland
under project numbers 303351, 307419, 327293, 318987
(QuantERA project RouTe), by the Grant-in-Aid for
Scientific Research of the Ministry of Education, Cul-
ture Sports, Science, and Technology / Japan Society
for the Promotion of Science (MEXT/JSPS KAKENHI,
Nos. JP17H06138, JP18H05405, and JP18H05228),
Japan Science and Technology Agency CREST (No. JP-
MJCR1673), and by MEXT Quantum Leap Flagship
Program (MEXT Q-LEAP, No. JPMXS0118069021).
∗ paivi.torma@aalto.fi
[1] A. Mielke and H. Tasaki, Ferromagnetism in the Hubbard
Model. Examples from Models with Degenerate Single-
Electron Ground States, Commun. Math. Phys. 158, 341
(1993).
[2] N. B. Kopnin, T. T. Heikkila¨, and G. E. Volovik, High-
Temperature Surface Superconductivity in Topological
Flat-Band Systems, Phys. Rev. B 83, 220503 (2011).
[3] T. T. Heikkila¨, N. B. Kopnin, and G. E. Volovik, Flat
Bands in Topological Media, JETP Letters 94, 233
(2011).
[4] S. Peotta and P. To¨rma¨, Superfluidity in Topologically
Nontrivial Flat Bands, Nature Communications 6, 8944
(2015).
[5] A. Julku, S. Peotta, T. I. Vanhala, D.-H. Kim, and
P. To¨rma¨, Geometric Origin of Superfluidity in the Lieb-
Lattice Flat Band, Phys. Rev. Lett. 117, 045303 (2016).
[6] L. Classen, Viewpoint: Geometry Rescues Superconduc-
tivity in Twisted Graphene, Physics 13, 23 (2020).
[7] X. Hu, T. Hyart, D. I. Pikulin, and E. Rossi, Geo-
metric and Conventional Contribution to the Superfluid
Weight in Twisted Bilayer Graphene, Phys. Rev. Lett.
123, 237002 (2019).
[8] A. Julku, T. J. Peltonen, L. Liang, T. T. Heikkila¨, and
P. To¨rma¨, Superfluid Weight and Berezinskii-Kosterlitz-
Thouless Transition Temperature of Twisted Bilayer
Graphene, Phys. Rev. B 101, 060505 (2020).
[9] F. Xie, Z. Song, B. Lian, and B. A. Bernevig,
Topology-Bounded Superfluid Weight in Twisted Bilayer
Graphene, arXiv:1906.02213.
[10] M. Tovmasyan, S. Peotta, L. Liang, P. To¨rma¨, and S. D.
Huber, Preformed Pairs in Flat Bloch Bands, Phys. Rev.
B 98, 134513 (2018).
[11] J. S. Hofmann, E. Berg, and D. Chowdhury, Strong-
Coupling Superconductivity and Pseudogap in Topo-
logical Flat Bands: A Quantum Monte Carlo Study,
arXiv:1912.08848.
[12] C. M. Varma, P. B. Littlewood, S. Schmitt-Rink,
E. Abrahams, and A. E. Ruckenstein, Phenomenology
of the Normal State of Cu-O High-Temperature Super-
conductors, Phys. Rev. Lett. 63, 1996 (1989).
[13] P. A. Lee, N. Nagaosa, and X.-G. Wen, Doping a Mott
Insulator: Physics of High-Temperature Superconductiv-
ity, Rev. Mod. Phys. 78, 17 (2006).
[14] N. E. Hussey, Phenomenology of the Normal State in-
Plane Transport Properties of High-tc Cuprates, Journal
of Physics: Condensed Matter 20, 123201 (2008).
[15] F. Sˇimkovic, J. P. F. LeBlanc, A. J. Kim, Y. Deng,
N. V. Prokof’ev, B. V. Svistunov, and E. Kozik, Ex-
tended Crossover from a Fermi Liquid to a Quasiantifer-
romagnet in the Half-Filled 2D Hubbard Model, Phys.
Rev. Lett. 124, 017003 (2020).
[16] P. T. Brown, D. Mitra, E. Guardado-Sanchez,
R. Nourafkan, A. Reymbaut, C.-D. He´bert, S. Bergeron,
A.-M. S. Tremblay, J. Kokalj, D. A. Huse, P. Schauß,
and W. S. Bakr, Bad Metallic Transport in a Cold Atom
Fermi-Hubbard System, Science 363, 379 (2019).
[17] Y. Cao, D. Chowdhury, D. Rodan-Legrain, O. Rubies-
Bigorda, K. Watanabe, T. Taniguchi, T. Senthil,
and P. Jarillo-Herrero, Strange Metal in Magic-Angle
Graphene with near Planckian Dissipation, Phys. Rev.
Lett. 124, 076801 (2020).
[18] P. Kumar, T. I. Vanhala, and P. To¨rma¨, Temperature
and Doping Induced Instabilities of the Repulsive Hub-
bard Model on the Lieb Lattice, Phys. Rev. B 96, 245127
(2017).
[19] P. Kumar, T. I. Vanhala, and P. To¨rma¨, Magnetiza-
6tion, d-Wave Superconductivity, and Non-Fermi-Liquid
Behavior in a Crossover from Dispersive to Flat Bands,
Phys. Rev. B 100, 125141 (2019).
[20] M. A. Cazalilla and A. M. Rey, Ultracold Fermi Gases
with Emergent SU(N ) Symmetry, Reports on Progress
in Physics 77, 124401 (2014).
[21] S. Taie, H. Ozawa, T. Ichinose, T. Nishio, S. Naka-
jima, and Y. Takahashi, Coherent Driving and Freezing
of Bosonic Matter Wave in an Optical Lieb Lattice, Sci-
ence Advances 1, e1500854 (2015), url.
[22] In the same way as the case of bosons [21], repulsively
interacting fermionic isotopes of Ytterbium (173Yb) with
two and six populated components at a temperature of
around 20% of the Fermi temperature have been suc-
cessfully loaded into a Lieb lattice, as confirmed by a
band-mapping technique.
[23] S. Fuchs, E. Gull, L. Pollet, E. Burovski, E. Kozik, T. Pr-
uschke, and M. Troyer, Thermodynamics of the 3D Hub-
bard Model on Approaching the Ne´el Transition, Phys.
Rev. Lett. 106, 030401 (2011).
[24] P. To¨rma¨ and K. Sengstock,
Quantum Gas Experiments – Exploring Many-Body States
(Imperial College Press, 2015).
[25] A. Mazurenko, C. S. Chiu, G. Ji, M. F. Parsons,
M. Kana´sz-Nagy, R. Schmidt, F. Grusdt, E. Demler,
D. Greif, and M. Greiner, A Cold-Atom Fermi–Hubbard
Antiferromagnet, Nature 545, 462 (2017).
[26] E. Cocchi, L. A. Miller, J. H. Drewes, C. F. Chan, D. Per-
tot, F. Brennecke, and M. Ko¨hl, Measuring Entropy and
Short-Range Correlations in the Two-Dimensional Hub-
bard Model, Phys. Rev. X 7, 031025 (2017).
[27] S. Taie, T. Ichinose, H. Ozawa, and Y. Takahashi, Spatial
Adiabatic Passage of Massive Quantum Particles in an
Optical Lieb Lattice, Nature Communications 11, 257
(2020).
[28] S. Sugawa, K. Inaba, S. Taie, R. Yamazaki, M. Ya-
mashita, and Y. Takahashi, Interaction and Filling-
Induced Quantum Phases of Dual Mott Insulators of
Bosons and Fermions, Nature Physics 7, 642 (2011).
[29] G.-B. Jo, J. Guzman, C. K. Thomas, P. Hosur, A. Vish-
wanath, and D. M. Stamper-Kurn, Ultracold Atoms in a
Tunable Optical Kagome Lattice, Phys. Rev. Lett. 108,
045305 (2012).
[30] R. Drost, T. Ojanen, A. Harju, and P. Liljeroth, Topo-
logical States in Engineered Atomic Lattices, Nature
Physics 13, 668 (2017).
[31] M. R. Slot, T. S. Gardenier, P. H. Jacobse, G. C. P.
van Miert, S. N. Kempkes, S. J. M. Zevenhuizen, C. M.
Smith, D. Vanmaekelbergh, and I. Swart, Experimental
Realization and Characterization of an Electronic Lieb
Lattice, Nat Phys 13, 672 (2017).
[32] L. Yan and P. Liljeroth, Engineered Electronic States
in Atomically Precise Artificial Lattices and Graphene
Nanoribbons, Advances in Physics: X 4, 1651672 (2019).
[33] R. A. Vicencio, C. Cantillano, L. Morales-Inostroza,
B. Real, C. Mej´ıa-Corte´s, S. Weimann, A. Szameit, and
M. I. Molina, Observation of Localized States in Lieb
Photonic Lattices, Phys. Rev. Lett. 114, 245503 (2015).
[34] S. Mukherjee, A. Spracklen, D. Choudhury, N. Goldman,
P. O¨hberg, E. Andersson, and R. R. Thomson, Observa-
tion of a Localized Flat-Band State in a Photonic Lieb
Lattice, Phys. Rev. Lett. 114, 245504 (2015).
[35] F. Baboux, L. Ge, T. Jacqmin, M. Biondi, E. Galopin,
A. Lemaˆıtre, L. Le Gratiet, I. Sagnes, S. Schmidt, H. E.
Tu¨reci, A. Amo, and J. Bloch, Bosonic Condensation and
Disorder-Induced Localization in a Flat Band, Phys. Rev.
Lett. 116, 066402 (2016).
[36] C. E. Whittaker, E. Cancellieri, P. M. Walker, D. R.
Gulevich, H. Schomerus, D. Vaitiekus, B. Royall, D. M.
Whittaker, E. Clarke, I. V. Iorsh, I. A. Shelykh, M. S.
Skolnick, and D. N. Krizhanovskii, Exciton Polaritons in
a Two-Dimensional Lieb Lattice with Spin-Orbit Cou-
pling, Phys. Rev. Lett. 120, 097401 (2018).
[37] V. Goblot, B. Rauer, F. Vicentini, A. Le Boite´, E. Ga-
lopin, A. Lemaˆıtre, L. Le Gratiet, A. Harouri, I. Sagnes,
S. Ravets, C. Ciuti, A. Amo, and J. Bloch, Nonlinear
Polariton Fluids in a Flatband Reveal Discrete Gap Soli-
tons, Phys. Rev. Lett. 123, 113901 (2019).
[38] T. Fukuhara, Y. Takasu, M. Kumakura, and Y. Taka-
hashi, Degenerate Fermi Gases of Ytterbium, Phys. Rev.
Lett. 98, 030401 (2007).
[39] S. Taie, Y. Takasu, S. Sugawa, R. Yamazaki, T. Tsuji-
moto, R. Murakami, and Y. Takahashi, Realization of a
SU(2)×SU(6) System of Fermions in a Cold Atomic Gas,
Phys. Rev. Lett. 105, 190401 (2010).
[40] G. Pagano, M. Mancini, G. Cappellini, P. Lombardi,
F. Schfer, H. Hu, X.-J. Liu, J. Catani, C. Sias, M. Ingus-
cio, and L. Fallani, A one-dimensional liquid of fermions
with tunable spin, Nature Physics 10, 198 (2014).
[41] B. J. DeSalvo, M. Yan, P. G. Mickelson, Y. N. Mar-
tinez de Escobar, and T. C. Killian, Degenerate Fermi
Gas of 87Sr, Phys. Rev. Lett. 105, 030402 (2010).
[42] S. Stellmer, R. Grimm, and F. Schreck, Production of
Quantum-Degenerate Strontium Gases, Phys. Rev. A 87,
013611 (2013).
[43] See supplementary material for details of the hopping
matrix of the non-interacting Hamiltonian, calculation
of the entropy and the double occupancy using DMFT,
results of entropy and double occupancy for intermediate
temperature and interaction, derivation of the scaling re-
lation of Eq. (5) and DMFT+local density approximation
results in the case of a harmonically trapped system.
[44] A. Georges, G. Kotliar, W. Krauth, and M. J. Rozen-
berg, Dynamical Mean-Field Theory of Strongly Corre-
lated Fermion Systems and the Limit of Infinite Dimen-
sions, Rev. Mod. Phys. 68, 13 (1996).
[45] F. F. Assaad and T. C. Lang, Diagrammatic Determinan-
tal Quantum Monte Carlo Methods: Projective Schemes
and Applications to the Hubbard-Holstein Model, Phys.
Rev. B 76, 035116 (2007).
[46] U. Schneider, L. Hackermu¨ller, S. Will, T. Best, I. Bloch,
T. A. Costi, R. W. Helmes, D. Rasch, and A. Rosch,
Metallic and Insulating Phases of Repulsively Interact-
ing Fermions in a 3D Optical Lattice, Science 322, 1520
(2008).
[47] F. Werner, O. Parcollet, A. Georges, and S. R. Has-
san, Interaction-Induced Adiabatic Cooling and Antifer-
romagnetism of Cold Fermions in Optical Lattices, Phys.
Rev. Lett. 95, 056401 (2005).
[48] S.-K. Yip, B.-L. Huang, and J.-S. Kao, Theory of SU(N)
Fermi Liquids, Phys. Rev. A 89, 043610 (2014).
[49] R. C. Richardson, The Pomeranchuk Effect, Rev. Mod.
Phys. 69, 683 (1997).
[50] S. Taie, R. Yamazaki, S. Sugawa, and Y. Takahashi, An
SU(6) Mott Insulator of an Atomic Fermi Gas Realized
by Large-Spin Pomeranchuk Cooling, Nature Physics 8,
825 (2012).
Supplementary material for “Flat band induced non-Fermi liquid behaviour of
multicomponent fermions”
Pramod Kumar,1 Sebastiano Peotta,1, 2, 3 Yosuke Takasu,4 Yoshiro Takahashi,4 and Pa¨ivi To¨rma¨1, ∗
1Department of Applied Physics, Aalto University, FI-00076 Aalto, Finland
2Computational Physics Laboratory, Physics Unit, Faculty of Engineering and Natural Sciences,
Tampere University, P.O. Box 692, FI-33014 Tampere, Finland
3Helsinki Institute of Physics P.O. Box 64, FI-00014, Finland
4Department of Physics, Graduate School of Science, Kyoto University, Kyoto 606-8502, Japan
 
FIG. S1. Tight-binding model of the two dimensional Lieb
lattice. The lattice spacing of the two-dimensional square
Bravais lattice is denoted by d. Our convention for the unit
cell (solid square box), the labelling of the three sublattices
(α = A,B,C) and the fundamental vectors of the Bravais
lattice (a1 = (d, 0)
T , a2 = (0, d)
T ) are shown. The vectors
bB = (d/2, 0)
T and bC = (0, d/2)
T defining the geometry
of the sublattice structure are also shown (bA = 0 for the
A sublattice). The links represent nearest-neighbor hopping
matrix elements with magnitude t. A characteristic localized
state of the Lieb lattice, belonging to the flat band subspace,
is also shown (dashed square box).
I. HOPPING MATRIX OF THE LIEB LATTICE
For completeness we specify here the form of the hop-
ping matrix K(i−j) that enters the definition of the non-
interacting Hamiltonian Hˆ0, Eq. (1) in the main text.
We denote by rj = j1a1 + j2a2 the lattice vector of
the Bravais lattice associated to the unit cell labelled
by j = (j1, j2)
T . With this notation, the Fourier trans-
form K˜(k) =
∑
j e
−ik·rjK(j) of the hopping matrix of
the two-dimensional Lieb lattice with nearest-neighbour
∗ paivi.torma@aalto.fi
hoppings all equal to t (Fig. S1), is given by
K˜(k) = t
 0 1 + eik1 1 + eik21 + e−ik1 0 0
1 + e−ik2 0 0
 . (S1)
Here we have defined ki = k ·ai, with ai the fundamental
vectors of the Bravais lattice (Fig. S1), and the 3 × 3
matrix K(i) is composed of the matrix elements Kα,β(i)
which encode the hoppings from sublattice β to α. As
in the main text, we use the hopping amplitude t as the
energy scale and set t = ~ = kB = 1.
II. DYNAMICAL MEAN-FIELD THEORY FOR
LIEB LATTICE
To obtain all the results shown in the main text, we use
dynamical mean-field theory (DMFT) [1] for the Hub-
bard model in the thermodynamic limit with a continu-
ous time quantum Monte-Carlo impurity solver [2]. The
essential approximation underlying DMFT is that of a
local self-energy. This means in our case that the self-
energy is independent of quasimomentum k and diago-
nal with respect to the sublattice index α [1]. Indeed, the
local Green’s function matrix for component σ is given,
within the DMFT approximation, by
Gσ(iωn) =
1
Nk
∑
k
(
G0kσ(iωn)
−1 −Σσ(iωn)
)−1
, (S2)
where G0k(iωn)
−1 = (iωn + µ)1 − K˜(k) is the nonin-
teracting Green’s function and µ the chemical potential.
The self-energy is assumed to be diagonal in the sublat-
tice index, even though it can be different for different
sublattices, i.e. [Σσ(iωn)]α,β = Σ
σ
α(iωn)δα,β [3].
For each sublattice α there is an effective single impu-
rity Anderson model, which is defined by the dynamical
Weiss mean-field
Gσα(iωn)−1 = [Gσ(iωn)−1]αα + Σσα(iωn). (S3)
Given the Weiss function Gσα(iωn) for all α, we calculate
the self-energy of each of the impurity problems using the
continuous time quantum Monte-Carlo impurity solver.
We use interaction expansion algorithm (CT-INT) for
the impurity solver [2]. These new self-energies are then
ar
X
iv
:2
00
5.
05
45
7v
1 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 11
 M
ay
 20
20
2used again in Eq. (S2) and the process is iterated until a
converged solution is found.
The density is computed from the one particle Green’s
function for different values of the chemical potential,
Hubbard interaction and temperature. To calculate the
entropy we use the following result [4, 5]
s(µ,U, T ) =
1
3
∫ µ
−∞
∂n(µ,U, T )
∂T
dµ , (S4)
which is derived from the Maxwell’s relation
1
3∂Tn(µ,U, T ) = ∂µs(µ,U, T ) between the density
(also called filling, see main text) n(µ, T, U) and the
entropy s(µ, T, U) per lattice site. We need to compute
the entropy only for negative values of the chemical
potential, µ < 0, since the particle-hole symmetry of the
Lieb lattice implies s(−µ) = s(µ). To calculate numer-
ically the partial derivatives, we interpolate the results
of a linear grid of chemical potential and temperature
values for a given Hubbard interaction strength U .
The double occupancy at a given sublattice of the unit
cell for a system with N components is obtained from
the Monte-Carlo perturbation order
〈k〉αMC = −
U
T
∑
σ<σ′
〈(
nˆiασ − 1
2
)(
nˆiασ′ − 1
2
)
− δ2
〉
,
(S5)
where δ is the impurity solver parameter chosen to be
small for the half-filled case [2]. In the above equation,
U and T are the Hubbard interaction and the tempera-
ture, respectively. From the perturbation order one can
compute the double occupancy as
dα = (N−1)
∑
σ
nασ
2
+
(N
2
)(
1
4
−δ2
)
− T 〈k〉
α
MC
U
, (S6)
where dα =
∑
σ<σ′〈nˆiασnˆiασ′〉. If the SU(N ) symme-
try remains unbroken, nασ = nασ′ = nα/N , the above
expression can be further simplified
dα = (N − 1)nα
2
+
(N
2
)
(
1
4
− δ2)− T 〈k〉
α
MC
U
. (S7)
III. ENTROPY AND DOUBLE OCCUPANCY
FOR INTERMEDIATE TEMPERATURE AND
INTERACTION
In Fig. S2 we provide additional data which comple-
ment the one in Fig. 2 in the main text. In the upper
panel of Fig. S2, the entropy per lattice site as a func-
tion of filling n is shown at the temperature T = 0.32.
By comparison with Fig. 2a in the main text, one can
see that the window of fillings, for which the flat band-
induced non-Fermi liquid behavior can be observed, is re-
duced with respect to the lower temperature T = 0.17, in
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FIG. S2. Upper panel: entropy per lattice site s as a function
of total filling n =
∑
α nα for N = 2 component fermions
at T = 0.32 and for three different values of the interaction
strength. In the inset the entropy as a function of interaction
strength is shown for filling n = 3 (half filling) and n = 2
(fully filled lowest band). Lower panel: sublattice resolved
double occupancy dα vs. filling n at U = 1.5. In the insets
the double occupancy (both sublattice-resolved and averaged)
vs. temperature at fixed fillings n = 2, 3 is shown.
favor of the standard Landau-Fermi liquid behavior (en-
tropy increasing with increasing U). Moreover, the vari-
ation of the entropy at half-filling is also smaller at the
higher temperature shown in the upper panel of Fig. S2,
compared to Fig. 2a in the main text.
In the lower panel of Fig. S2, the double occupancy
vs. filling is shown for U = 1.5, a value of the interac-
tion strength which is in between the ones of panels c
and d of Fig. 2 in the main text. Also for this value of
3U , the opposite behavior in inequivalent sublattices of
the sublattice-resolved double occupancy as a function
of temperature is clearly visible. Note also how the av-
eraged double occupancy increases with temperature at
filling n = 3, while it decreases at filling n = 2 (see in-
sets). Therefore the same behavior of the averaged dou-
ble occupancy as shown in the insets of Fig. 2c in the
main text, which depends in a qualitative way on the
filling level, can be observed up to U = 1.5.
IV. SCALING WITH THE NUMBER OF
COMPONENTS
We provide here the derivation of the scaling rela-
tion of Eq. (5) in the main text, which is based on the
mean-field approximation. The mean-field approxima-
tion amounts to the replacement of the quartic interac-
tion term of Eq. (3) in the main text by a quadratic term
which involves averages calculated over the mean-field
ground state itself
Hˆint ≈ U
∑
i,α
∑
σ<σ′
[(
〈nˆiασ〉 − 1
2
)
nˆiασ′ + (σ ↔ σ′)
]
.
(S8)
Above the critical temperature for magnetic ordering, so
that the SU(N ) symmetry is unbroken, the occupation
number at a given site is the same for all components,
that is nασ = nασ′ = nα/N for all σ, σ′. As a conse-
quence one is reduced to diagonalize self-consistently the
mean-field Hamiltonian given by
Hˆmf,σ = Hˆkin,σ+U(N−1)
∑
i,α
(
〈nˆiασ〉 − 1
2
)
nˆiασ . (S9)
Here Hˆkin,σ is the kinetic term for the σ component,
therefore the mean-field Hamiltonian is block diagonal
in component space. Moreover, one needs to diagonalize
self-consistently the mean-field Hamiltonian Hˆmf,σ only
for a single component since this automatically provides
the solution for all other components. Note that the cou-
pling constant U and the number of components appear
only as the combination U(N − 1) in Eq. (S9). This
means that the self-consistent solution of Eq. (S9) pro-
vides also the solution for all other pairs of values (U ′,N ′)
which satisfy the scaling relation U(N −1) = U ′(N ′−1),
as given in Eq. (5) of the main text.
V. EFFECT OF THE HARMONIC TRAPPING
The analysis presented here and in the main text has
been restricted to the case of a translationally invariant
lattice model in the thermodynamic limit. On the other
hand, it is important to take into account the effect of
the harmonic trap, which is used to confine the atoms
in experiments. Whereas it is nowadays possible to re-
solve, even in situ, the particle and spin density profiles,
we want to show that it is not necessary to do so in or-
der to test experimentally our prediction that the double
occupancy in the Lieb lattice behaves in a qualitatively
different way depending on the sublattice, as shown in
Fig. 2 in the main text.
To this end, we focus on the sublattice-resolved and
spatially-averaged double occupancy, that is the observ-
able defined by
Dα =
∑
i
〈dˆiα〉 . (S10)
We first compute with DMFT the sublattice-resolved
double occupancy in the thermodynamic limit for a dense
grid of values of the chemical potential. Then Dα is ob-
tained within the local density approximation, by assum-
ing that the double occupancy at a given lattice site is
equal to the one in the thermodynamic limit at the local
chemical potential µ − V (riα). The external potential
V (riα) appears as an additional term in the noninteract-
ing Hamiltonian
Hˆ0 =
∑
i,j,α,β,σ
Kα,β(i− j)cˆ†iασ cˆjβσ
+
∑
i,α,σ
(V (riα)− µ)nˆiασ .
(S11)
The position vector of the site in unit cell i = (i1, i2, i3)
T
and sublattice α is denoted by riα = i1a1 + i2a2 + i3a3 +
bα, where bα are the vectors that define the sublattice
structure and are given in Fig. S1. Since we are consid-
ering the case of a stack of uncoupled Lieb lattices on
parallel planes, we have introduced a third fundamen-
tal vector a3 = (0, 0, c)
T of the now three-dimensional
Bravais lattice. The third fundamental vector a3 is per-
pendicular to a1 and a2. We provide results only for
a single experimentally realistic instance of the external
confining potential V (r) given by
V (x, y, z) = Ω11
(x
d
)2
+2Ω12
x
d
z
c
+Ω22
(z
c
)2
+Ω3
(y
d
)2
.
(S12)
Here d is the in-plane lattice constant (see Fig. S1), while
c is the distance between parallel and decoupled Lieb
lattice planes. We take c = d/2, Ω11 = 0.0539, Ω12 =
−0.0247, Ω22 = 0.0135 and Ω3 = 0.0956.
The quantity Dα as a function of temperature is shown
in Fig. S3. One can see that the different behaviour of
the double occupancy in the two inequivalent sublattices
remains visible even in the case of the spatially-averaged
double occupancy. Indeed, DA decreases with increasing
temperature almost up to the highest temperatures pro-
vided in Fig. S3 for both N = 2 and 4. A change in the
sign of ∂TDA is visible around T = 0.8. On the other
hand, the spatially-averaged double occupancy on the
B/C sublattices is monotonically increasing with tem-
perature for any number of components. This is the same
non-Fermi liquid behavior of the double occupancy in the
thermodynamic limit shown for N = 2 in Fig. 2 in the
main text.
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FIG. S3. Sublattice-resolved and spatially-averaged dou-
ble occupancy Dα (S10) vs. temperature T for U = 2 and
N = 2, 4, in the presence of harmonic trapping. The chemi-
cal potential is fixed at µ = 0 (n = 3 at the trap center for
N = 2, and n = 6 for N = 4).
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FIG. S4. Same as in Fig. S3, with the only difference that
the total particle number N is kept fixed, specifically N =
1.2× 104(2.4× 104) for N = 2(4) components.
In Fig. S3 we consider the case of half-filling at the
trap center, corresponding to the chemical potential fixed
at µ = 0. On the other hand it might be more conve-
nient from an experimental point of view to fix the num-
ber of particles rather than the chemical potential. The
sublattice-resolved and spatially-averaged double occu-
pancy in the case of fixed particle number is shown in
Fig. S4. In general for fixed particle number the local
filling at the trap center is different from half-filling. The
total particle number is chosen in a such a way that the
filling is approximately n = 3 (n = 6) for N = 2 (N = 4)
components at the intermediate temperature T = 0.5.
In the case of fixed particle number (Fig. S4) the lo-
cal density decreases at the trap center since the atomic
cloud becomes more spread out with increasing temper-
ature. This explains why even on the B/C sublattices
the double occupancy decreases with increasing temper-
ature, if the particle number is fixed. This is simply a
consequence of the fact that quite generally the double
occupancy is a monotonically increasing function of the
filling, as shown in Fig. 2 in the main text and in Fig. S2
in the lower panel. Even in the case of fixed particle
number, the different behaviour of the double occupancy
on the two inequivalent sublattices is still revealed by the
different rates at which Dα decreases with temperature.
As shown in Fig. S4, the rate is higher on the A sublattice
than on the B/C sublattices, which is consistent with the
results for fixed chemical potential shown in Fig S3.
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